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ABSTRACT
A micro-macro model is proposed to study opening and closure of parallel crack planes
in a porous rock. Pore Size Distributions (PSDs) of natural pores and cracks are updated
with volumetric fractions, defined as distinct components of volumetric deformation.
Deformation components depend on total deformation and on the crack density tensor
(damage). The expression of the free energy postulated in the model allows capturing
damage-induced anisotropy of stiffness. A unilateral condition of damage is introduced
to account for stiffness recovery in compression. The permeability tensor is related to
PSDs by combining Darcy’s law and Hagen-Poiseuille flow equation. The model cap-
tures Planar Transverse Isotropy (PTI) induced by crack openings in both stiffness and
permeability and predicts the evolution of two partial porosities (natural and damage-
induced). The model will be used to model the damaged zone around underground
cavities, faults and hydraulic fractures.
1 INTRODUCTION
Fault structure models usually assume that strain localizes in a core surrounded by
a distribution of fractures forming a damage zone. Aligned crack arrays play an im-
portant role at several stages of faulting: microscopic tension does not change initial
crack orientation, whereas microscopic shear stress opens predominant wing linkage
cracks (thus rotating the principal direction of crack arrays). Crack damage decreases
rock strength and induces stiffness anisotropy [6]. It is well known for instance that
crack arrays parallel to the fracture plane have a shielding effect, whereas crack ar-
rays perpendicular to the fracture plane tend to favor fracture propagation [11, 4].
The same fault displacements that originate stress concentrations at fracture tips can
also close fractures present in the damaged zone - depending on the orientation of the
pre-existing structure, and on the amount of confining pressure present in the bedrock
[3, 12]. The model proposed in the following aims to determine the stiffness and per-
meability tensors of a solid, containing a uniform distribution of elastic pores and a
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distribution of parallel crack planes. This configuration is known as Planar Transverse
Isotropy (PTI). Anisotropic permeability models based on Continuum Damage Me-
chanics (CDM) generally assume that crack planes grow in directions perpendicular to
the maximum principal (tensile) stress, and that accordingly, crack planes parallel to
direction 1 mainly enhance permeability in direction 1 [10]. The self-consistent method
allowed the prediction of percolation thresholds in rock containing an isotropic distri-
bution of (spherical) defects of equal sizes [7]. In reality, the fabric tensor necessary
to characterize damaged stiffness is different from the one necessary to predict perme-
ability of a cracked medium [8]. Section 2 gives the model outline. Simulation of a
uniaxial tension test including loading and unloading is explained in Section 3.
2 MODELING
The authors recently proposed a multi-scale isotropic permeability model for damaged
rock [1, 9]. The underlying assumption is that natural pores and cracks can be con-
sidered as two separate sets of pores, characterized by two different size distributions
(pp(r) and pc(r) respectively). The intrinsic permeability is obtained by combining






(Np pp(r) +Nc pc(r))πr2dr
∫ ∞
0
(Np pp(r) +Nc pc(r))πr
4dr (1)
in whichNp andNc denote the number of natural pores and cracks in the Representative
Elementary Volume, and Φ is total porosity (i.e. porosity due to both natural pores and
cracks). Volumetric fractions of pores (Vp) and cracks (Vc) are related to the parameters
of the bimodal Pore size Distribution (“PSD”):









The bounds of the integrals in Eq. 2 define the ranges of values that can be taken by
natural pore and crack sizes. PSD curves are coupled to the mechanical behavior of the











in which deformation is decomposed into: ε = εel + εed + εid where:
• εel is the purely elastic strain
• εed is the additional elastic deformation induced by reduction of stiffness due to
cracking
• εid is the residual deformation induced by crack opening, which represents ten-
sile strain remaining after relaxation of tension stress. εid depends on the expres-
sion of the free energy.
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In the following, total elastic deformation is noted εE = εel+εed. The main constitutive
equations employed in this study are summarized in Tab. 1. The damage variable (noted
D) is defined as the second-order crack density tensor. Its work-conjugate variable
(noted Y) is split in order to separate the energy release rate responsible for stiffness
weakening and the energy release rate associated with residual crack opening. It is
assumed that only the positive part of the latter (noted Y+1 ) drives crack propagation.
Table 1. Main Equations of the Constitutive Model.
Functional Postulated Expression






εE : C(D) : εE − gD : ε











with Y+1 = −gε+
Deformation Component Incremental Expression
Pure Elastic (εel) dεel = C0−1 : dσ





Irreversible Damaged (εid) dεid = C(D)−1 : (−g)dD
In this paper, the model is extended to unilateral effects induced by crack closure on
stiffness and permeability. As a first step, the study is restricted to Planar Transverse
Isotropy (PTI) - when all cracks in the sample are contained in parallel planes. In
the proposed orthotropic damage model, PTI is encountered in uniaxial tension tests.
For instance tensile strain in direction 1 (ε+1 ) opens cracks contained in planes normal
to direction 1, which can potentially close due to compressive strain in direction 1
(ε−1 ) - as illustrated in Fig 1. Crack closure induces a decrease of elastic damaged
deformation (εed), and therefore, a reduction of crack volume (Vc) and permeability.
In addition, compressive strength in direction 1 is recovered (while tensile strength
is not). Constitutive equations are not significantly changed: a unilateral condition is
introduced in the expression of damaged rock stiffness tensor:
C̃(D) = C(D) +
3∑
k=1
H(−ε(k)) [C0 −C(D)] (4)
in which ε(k) is the k − th eigenvalue of the deformation tensor.
Let’s consider the cross-section (in plane (x2, x3)) of a rock sample subjected to pure
tension in direction 1. Degradation of stiffness induced by damage corresponds to a
decrease of material surface within the cross-section that can effectively resist the ten-
sile load applied in direction 1, i.e. a decrease of effective cross-section area. In one
i
i






dimension, effective stress is the ratio of internal normal forces by effective cross-
section area, which provides a direct relationship between actual stress, effective stress
and damage. In a three-dimensional analysis, damage is a tensor variable, often defined
as the second-order crack density tensor. The relationship between actual and effective
stress requires the definition of a tensor damage operator. In the following simulations,
the undamaged material is linear elastic (with a Young’s modulus E0 and a Poisson’s
ratio ν0), and the damaged stiffness tensor is obtained by applying the Principle of
Equivalent Elastic Energy (which states that the elastic strain energy stored by a dam-
aged sample subjected to the actual stress is equal to the elastic strain energy stored
by an undamaged sample subjected to effective stress) with the damage operator of
Cordebois and Sidoroff (which ensures positivity and symmetry requirements). For a
PTI case damage eigenvalues in directions 2 and 3 are equal to zero: d2 = d3 = 0. The
expression of the stiffness tensor is obtained by introducing the unilateral condition
(equation 4) in the stiffness expression (explained in [2]). Using Voigt notations:









































C̃1(d1, ε1) = [H(−ε1) + (1−H(−ε1))(1− d1)2]
C̃2(d1, ε1) = [H(−ε1) + (1−H(−ε1))(1− d1)]
(6)
In which H(.) denotes Heaviside function. The damaged permeability model assumes
that cracks do not intersect but that they are connected to the porous network made of
“natural pores” (i.e., the pores existing prior to loading). The model proposed by the
authors in [1] was restricted to open cracks having a uniform orientation distribution.
In the present study, cracks are alined, and can be either open or closed. In this PTI
configuration, the fluid cannot flow from one horizontal crack (perpendicular to direc-
tion 1) to the other through an intersecting crack in a plane parallel to the axis (because
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there is no vertical crack). As a result, damage-induced preferential flow paths are ex-
pected to localize in (horizontal) crack planes. It is proposed to model the resulting






























(Np pp(r) +Nc pc(r))πr
4dr
(8)
Permeability variations induced by crack closure automatically result from the unilat-
eral condition above, due to the relationship between permeability and deformation
(this will be illustrated in the simulation presented next).
Figure 1. Planar Transverse Isotropy induced by crack-opening (left) and closure
(right).
3 SIMULATION OF A UNIAXIAL TENSION TEST
3.1 Computational Algorithm
The theoretical loading/unloading path expected for a uniaxial tension test in σ1 − ε1
space is sketched in Fig. 2. The tension loading phase stands in the elastic domain first
(OA), and then in the damaged domain (AB). This is followed by a compression phase.
During crack closure, the stress/strain diagram follows a linear unloading path (BC &
CD), exhibiting a damaged rigidity (i.e. the slope of BC&CD is less than the slope of
OA). As soon as deformation becomes compressive (ε1 < 0, DE), stiffness is recovered
by crack closure (unilateral effects). Three cases can occur:
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• Under compressive deformation (ε1 < 0, case DE), the response is elastic (as-
suming that the test is controlled so as to remain below the compression damage
limit). In addition, unilateral effects impose that stiffness in compression should
be equal to the reference (undamaged) stiffness.
• Under tensile deformation (ε1 > 0) and compressive loading (∆ε1 < 0, cases
BC, CD), the response is elastic (assuming that the test is controlled so as to re-
main below the compression damage limit). During this unloading path, stiffness
is damaged (with zero damage if the sample is unloaded before crack opening at
A).
• Under tensile deformation (ε1 > 0) and tensile loading (∆ε1 > 0), the response is
elastic below the tension limit (case OA). The loading path stands in the damaged
domain above this limit (case AB).
The constitutive relationships that need to be updated in the course of the algorithm are
summarized in Tab. 2.
Figure 2. Theoretical Loading/Unloading Path During a Uniaxial Tension Test.
3.2 Physical Test Simulated
A strain-controlled uniaxial tension test is simulated in order to study model predictions
of rock stiffness and permeability of rock in a damage-induced PTI configuration. Un-
loading in compression is controlled so as to ensure that the load path remains in the
elastic domain. Tension is applied in direction 1 (∆ε1 = 3.5 · 10−3; ∆σ2 = ∆σ3 = 0).
Tension loading is followed by a compression phase, so as to compensate axial strain
developed in tension (∆ε1 = −3.5 · 10−3; ∆σ2 = ∆σ3 = 0). Material parameters
chosen for this numerical study are typical of a granite (Tab. 3).
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Table 2. Principle of the Algorithm.
Loading Case Macroscopic Relationships Crack Volume
ε1 < 0 (DE) ∆σ = C0 : ∆εel, ∆ε = ∆εel ∆Vc = 0, Vc = 0
ε1 > 0, ∆ε1 < 0 ∆D = 0, ∆εid = 0
(BC, CD) ∆σ = [C(D)−C0] : ∆εed ∆Vc = Tr(∆εed)
ε1 > 0, ∆ε1 > 0 ∆D = 0, ∆εid = 0
elastic (OA) ∆σ = [C(D)−C0] : ∆εed ∆Vc = Tr(∆εed)
initially: D = 0
ε1 > 0, ∆ε1 > 0 ∆D 6= 0
damage (BC) −g∆D = C(D) : ∆εid ∆Vc = Tr(∆εed + ∆εid)
∆σ = [C(D)−C0] : ∆εed











E0 (MPa) ν0 (-) g (MPa) C0 (MPa) C1 (MPa)
8,010 0.28 -330 0.11 2.2







max (µm) e0 (-)
0.01 1 1 10 0.015
3.3 Results
The stress/strain diagram in Fig. 3.a illustrates the theoretical features of segments
(OA-AB-BC-CD) in the sketch of Fig. 2. As expected, cracks develop only in planes
perpendicular to the loading axis, i.e. D2 = D3 = 0, D1 6= 0. There is no crack
propagation during compressive unloading (i.e. ∆D = 0), as noted from the vertical
line at D1 = 0.32 in Fig. 3.b. Permeability in the direction of loading (kp) stays al-
most constant with a sligth increase during tension and slight decrease during unload-
ing (Fig. 4.a& b.). Permeability in the lateral directions (kp,c) increases by one order
of magnitude during crack propagation in tension (Fig. 4.b.). Compression unloading
closes cracks within the elastic damaged deformation domain. Residual crack openings
contribute to most damage-induced permeability, as can be noted by the value of kp,c
at the end of the test (Fig. 4.a.).
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Figure 3. Mechanical Loading Path Simulated: (a) Stress/Strain Diagram. (b)
Evolution of Damage.







































































Figure 4. Components of the Permeability Tensor: (a) Versus Axial Strain (b)
Versus Lateral Damage.
Fig. 5.a. indicates that cracks appear for ε1 ≈ 0.5 · 10−3. An increase of crack vol-
umetric fraction (Vc) follows during the tension loading phase. The volume of cracks
decreases linearly with compressive deformation upon unloading (damaged elastic load
path BC& CD in Fig. 2). The volumetric fraction of natural pores Vp (contributing to
purely elastic deformation only) sightly increases at the beginning the tension loading
phase but starts to decrease after the axial stress peak. During the unloading stage, Vp
continues to slightly decrease because of the reduction of the mean stress. The Pore
Size Distribution assumed before loading reflects the choice of a normal size distribu-
tion for natural pores (Fig. 5.b). In tension, the elastic limit is reached for low values
of deformation: crack-induced irreversible deformation is low compared to elastic de-
formation. This explains why it is difficult to see the occurrence of a second porosity
mode associated to the cracks in Fig. 5.b. Cracks opening in tension form a set of large
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pores, which decreases the partial porosity of natural pores. After unloading, porosity
associated to both natural pores and cracks decrease slightly but do not recover their
initial values. The decrease of Vp is compensated by the presence of cracks that do not
close so that the REV volume (reflected by Vv, see Fig. 5.a) at the end of the loading-
unloading cycle almost recovers its initial value. This is in agreement with the almost
superposed cumulative porosity curves for initial and unloaded states in Fig. 5.b.














































































Figure 5. Microstructure changes: (a) Evolution of pore volumes in the REV. (b)
Evolution of the Cumulative PSDs.
4 CONCLUSION
A micro-macro model based on Continuum Damage Mechanics (CDM) is proposed to
study opening and closure of parallel crack planes in a porous rock. Damage is defined
as a second-order tensor, under the assumptions that cracks are not connected one to
another, but that they are connected to the natural porous network (in a reference state
before crack propagation). Statistical parameters of the Pore Size Distributions (PSDs)
of natural pores and cracks are updated with volumetric fractions, which are defined as
distinct components of volumetric deformation. These components are computed from
damage and total deformation. The expression of the free energy postulated in the
model allows capturing damage-induced anisotropy of stiffness. A unilateral condition
of damage is introduced in order to account for the recovery of stiffness in compres-
sion. The permeability tensor is related to PSDs by combining Darcy’s law and Hagen-
Poiseuille flow equation. Because of the Planar Transverse Isotropy (PTI) induced by
crack openings, enhancement of permeability is expected in the directions perpendic-
ular to the loading axis only. The model captures these anisotropic effects on both
the stiffness tensor and the permeability tensor. At the microscopic level, the model
also predicts the evolution of the two partial porosities (natural and damage-induced).
Further developments will be dedicated to permeability variations in the compression
domain after unloading (DE in Fig. 2), to further relate damaged stiffness and per-
meability to the evolution of fully anisotropic crack distributions - open compression
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cracks adding to closed tension cracks in particular. The model will be used to model
the damaged zone around underground cavities, faults and hydraulic fractures.
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